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Abstract 

It is pointed out in a class of models with large extra dimensions that the cross section of processes 
with virtual Kaluza-Klein graviton exchanges becomes either much smaller or much larger by many 
orders of magnitude than what is expected from that of the on-shell production of the Kaluza- 
Klein gravitons. We demonstrate how the problem arises using a toy model. The cause of this new 
problem lies in the fact that we do not have momentum conservation in the extra dimensions. To 
search for the signal of the large extra dimensions with high energy collider experiments, we need 
more care in interpreting the earlier results on the cross sections of these processes. 
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I. INTRODUCTION 



In order to solve the hierarchy problem between the electroweak scale and the Planck 
scale, extra space dimensions can play an important role. The scenario of large extra dimen- 
sions, which was proposed by Antoniadis [1-4] is very simple. In this scenario, we assume 
that the Standard Model (SM) particles live on a three-dimensional hypersurface and the 
only graviton lives in the whole higher dimensional space. 

The simplest and explicit model with this scenario is the one by Arkani-hamed, Dimopou- 
los, and Dvali (ADD) [5, 6]. ADD have introduced a 5-dimensional flat extra space which 
is compactified on a 5-dimensional torus with common radius R. In this model, the Planck 
scale M p in our four-dimensional space time is given by the fundamental Plank scale Mf in 
the whole 4 + 5- dimensional spacetime and radius R of the extra dimensions as 

Ml = 8nR s M 2 f +s . (1) 

If R is large enough, we can take the fundamental Planck scale Mf to be a few TeV, which 
naturally explains the hierarchy between the energy scale of electroweak interaction and that 
of gravitational interaction. 

Note that in the ADD model, localization of the SM particles on the three-dimensional 
hypersurface is described by a delta function. In this way, the three-dimensional hypersurface 
is treated as a complete rigid-body and the momentum in the extra dimensions is not 
conserved in the interaction between the higher dimensional graviton and the SM particles. 
The hypothesis of the complete rigid-body hypersurface leads to a explicit breaking of the 
translational symmetry in the extra dimensions [7]. 

Many massive gravitons, the Kaluza-Klein excitation modes of the graviton (KK gravi- 
tons), are contained in the four- dimensional effective theory of the ADD model. They can 
decay into the light SM particles. We can test the ADD model by searching for these massive 
gravitons directly or indirectly. The stringent constraint comes from the supernova SN1987a 
[8, 9]. Using this constraint, it was shown that 5 has to be larger than two in order for the 
fundamental Plank scale Mf to be a few TeV. In the rest of this paper, we will assume that 
S satisfies this constraint. 

To test the ADD model at collider experiments, two types of the process have been 
studied. One is the real KK graviton emission process, and the other one is the virtual 
KK graviton exchange process. In case of a hadron collider, dominant channels are the real 
KK graviton emission process pp — > jet + (missing) [10-12], and the virtual KK graviton 
exchange process pp — > ZZ, 77 [13-15]. These studies show that the virtual KK graviton 
exchange processes are advantageous to search for signals of the ADD model, compared to 
the real KK graviton emission processes due to difficulty of identifying the missing energy 
carried by the KK gravitons. 

However, as we will show below, the cross section of the virtual KK graviton exchange 
processes in the ADD model have the following problems: 

(I) A problem of ultraviolet divergence of momentum integration in extra 
dimensions 

The origin of this problem lies in the violation of the momentum conservation in extra dimen- 
sions. In Ref. [7], it was shown that we can naturally regularize this ultraviolet divergence 
by introducing a fluctuation of the three dimensional hypersurface. 
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(II) Breakdown of narrow width approximation 1 

This is a new problem that we point out in this paper. As we will see below, the narrow 
width approximation 

a (full process) = a(X production) x Br(X decay) + 0(T x /m x ) (2) 

is not satisfied for the cross sections of the virtual KK graviton exchange processes. In 
eq.(2), <r(full process) and a(X production) are the cross sections of the full process and 
production process of decaying particles, respectively, Tx stands for the decay width of the 
particle, and Br(X decay) is the branching ratio of the decay channel of X which is included 
in the full process. Eq.(2) is expected to hold in most processes under certain conditions to 
be described later. However, as we will see below, the cross section of such processes in past 
works (for example in Ref.[16, 17]) does not satisfy the approximate expression in eq.(2). 

The origin of this problem lies in lack of the momentum conservation in extra dimensions. 
As we will see later, lack of the momentum conservation in the extra dimensions causes over 
counting of the extra dimensional phase space of the higher dimensional graviton or the 
summation over the KK index, and we can not obtain the on-shell contributions from the 
KK gravitons in the intermediate state (or the first term in eq.(2)) correctly even if we take 
the decay width of the KK gravitons into account. Although the cause of the problem (II) 
is the same as that of the problem (I), the problem (II) is independent from the problem (I). 
This is because the problem (II) appears even if we put the momentum cutoff to regularize 
the ultraviolet divergence, or even if we use the prescription in Ref. [7]. We will see more 
details of this problem later. 

The purpose of this paper is to clarify the problem (II). We will show that how the problem 
appears in the virtual KK graviton exchange processes. For simplicity, we analyze these 
processes using a toy model in which tensor fields are replaced by scalar fields, because spin 
of the intermediate particles is not essential for the problem (II). To show that the problem 
(II) arises in the virtual KK graviton exchanges even if we regularize the pole divergence 
with its decay width to take care of the on-shell contribution of the KK gravitons, we analyze 
the virtual KK graviton exchange process putting its decay width into the denominator of 
its propagator to regularize the on-shell pole divergence. 

The rest of this paper is organized as follows. In section 2, we introduce the toy model, 
and show how we can calculate the cross section of virtual KK graviton exchanges in this 
model. In section 3, we explain how the problem occurs in the virtual KK graviton exchange 
processes. Moreover, we demonstrate that the same problem appears in the virtual KK 
graviton exchange processes with three final states. In section 4, we draw our conclusions. 

II. VIRTUAL KALUZA-KLEIN GRAVITON EXCHANGES AND A TOY MODEL 

First of all, we briefly review the KK graviton and its decay width in the ADD model. 
For more detail, see Ref. [16, 17]. 



In Ref. [18], the same subject was discussed. However the main point in Ref. [18] is that the narrow width 
approximation would be broken down if the mass of one of the final state particles is close to that of the 
intermediate particle, because of a technical problem in the approximation method. In the present case, 
as we will see below, the problem appears irrespective of whether such condition is satisfied or not, and 
the situation is completely different from that in Ref. [18]. 
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In the four-dimensional effective theory for the ADD model, the higher dimensional gravi- 
ton whose momentum in the extra dimensions is n/R is treated as the massive KK graviton 
whose mass is \n\ /R where n is a 5-dimensional number vector. The effective theory is 
valid only if the center of mass energy y/s and the mass of the KK graviton \n\ / R are much 
smaller than the fundamental Planck scale, i.e., only if y/s, \n\ /R <C Mf. These conditions 
give the cut off momentum to regularize the ultraviolet divergence of momentum in extra 
dimensions which derives from lack of dynamics for the localization of the SM particles in 
three-dimensional space dimension. These conditions also keep perturbation theory with 
respect to the gravitational vertex valid. 

The interactions between the spin-2 KK gravitons and the SM particles are described by 
the interaction Lagrangian 




where M p = M p /y/8n ~ 10 18 GeV is the reduced planck mass, is a field of the KK 

graviton whose mass is \n\ /R, and T^ v is the energy-momentum tensor of the SM particles. 
The summation of eq.(3) extends over all the KK modes whose mass is less than Mf. 
From the higher dimensional point of view, this summation corresponds to the momentum 
integration in the extra dimensions. 

Main features of the KK gravitons in the ADD model are the following: 

(i) Lack of the momentum conservation in the extra dimensions 

In the interaction Lagrangian 3, the SM particles, which originally have zero momentum in 
the extra dimensions, couple to the KK gravitons, which originally have non-zero momentum 
in the extra dimensions, and the momenta in the extra dimensions are not conserved. 

(ii) High degeneracy of the KK gravitons 

The mass spectrum of the KK gravitons is highly degenerate. The number of the KK 
gravitons which have the same mass is equal to a number of KK index n which have same 
length. For example, the number of KK gravitons whose mass is 100 GeV is 10 14 . 

(iii) Smallness of the decay width 

The KK gravitons can decay into standard model particles. Main decay channels are two 
photons, two gluons (two light mesons) and two light fermions. The total decay width of 
the KK gravitons Y{m) can be written as a following form 

777, 

T(m) = N(m) w , (4) 

p 

where N(m) is a step function of the mass of KK graviton m (= \n\ / R). The function 
N(m) is determined by the number and phase space of the decay channels, and is at most 
one. The total decay width of the KK gravitons are very small compared to their masses 
(r(m)/m ~ m 2 /M p 2 < 1)[17]. 

For simplicity, we will discuss these features with a toy model in which the KK gravitons 
and the standard model gauge bosons are replaced by the KK scalars and massless scalars, 
respectively, because the spins of the particles and the structure of the vertices are not 
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important for our purposes. The Lagrangian of the toy model is given by 



A 



2M n 



(5) 



where the fields are KK scalars which correspond to the KK gravitons whose mass is 
\n\ /R, x an d x' correspond to the standard model gauge bosons, ip is a massless fermion, 
and the two coefficients of the interaction terms A and g are real coupling constants. 

The main decay modes of the KK scalars <fe are 0^ — > XX, x'x'- A partial decay width 
T(m) of these modes is given by 



T(m) 



771° 

128tt \ Ml 



(6) 



Another decay mode is 0^ — > ipipx' i but this decay mode is kinematically suppressed: 

r(<fe -> #x)/r(0n -> xx) < io- 3 . 

In the toy model, the KK graviton production process pp — >■ jet + G is replaced by a 4>n 
production process ip^ — > 0^ X ' ■> an d the virtual KK graviton exchange process pp — > U is 
by a virtual 4>H exchange process XX ~^ x'x'- 



III. BREAKDOWN OF NARROW WIDTH APPROXIMATION 

In this section, to see the problem of the virtual KK graviton exchange processes, we 
calculate the cross section of the virtual KK scalar exchange processes in the toy model. To 
get a finite value of the cross section, we should analyze these process putting the decay 
width of the KK scalars into denominator of its propagator. 

In the ADD model or the toy model, we can approximately treat the spectrum of the KK 
particle as a continuous one. Therefore for any value of y/s > 0, there are KK states which 
can be on-shell. This result indicates that resonant effects are important for the virtual KK 
particle exchange processes. 



A. Two body scattering via KK graviton 

First, let us analyze the two-body scattering process via KK scalars XX ~^ x'x' ■ The 
amplitude of this process is given by 



M V {XX ->• X'x' 



M ) ( 9 ) 5^ 



M, 



2 / ^ s — m 2 + imY(m) 



(7) 



and then the cross section of this process is given by 



_Lf_2_ 

2% \M P 



y i 

^ s — m 2 + imT{m) 



(8) 
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To get the cross section, we have to perform the summation of propagators, 



s — m? + imY{m) 



(9) 



Mass splittings between different excitation modes are at most 1/R. If we set My = 1 TeV 
and 5 = 4, then we have 1/R = 30 keV, which is very small compared to the center mass 
energy y/s. Therefore, we can approximate the summation as an intergration over mass and 
we can carry it out explicitly: 



o ^ ^ s — m? + imY{m) 

Ml 



— S- 

2 3 M} 



a + y In 



\y 2 - « 2 I 



+ 0{x 2 ) , 



(10) 



where £3 is the surface of three-dimensional unit sphere, x = Mf/M p , y = y/s/Mf, and 

Ml 

p(m)dm = Ssj^m dm 



(11) 



is the number of KK modes with its mass between m and m + dm. Here we put the cutoff 
scale to be aMf, where a is a cutoff parameter (y/s, \n\ /R < aMf). After substituting 
eq.(10) in eq.(8), we get the cross section 



or 



2 n 7T Mf 



S 3 (a 2 + ln[|y 2 -« 2 |y 2 ]) 2 . 



(12) 



More generally, the leading term of the cross section in the case of the ^-dimensional extra 
space is 



or 



~ J_ ( SS ~ 1 \ 2 ^l s 3 2(5-2) / 2 < 2n 



(13) 



if 5 > 2. The cross section in eq.(13) reproduces the result that we get using the ie method or 
the principal value integration of the propagators to regularize the on-shell pole divergence 
of KK scalars ( for more details, see Ref. [17]) 2 . This cross section has two problems. 
Firstly, it strongly depends on the cutoff parameter a. Secondly, this cross section does not 
contain the on-shell contribution from KK scalars in intermediate state. The cross section of 
the on-shell contribution to the two-body scattering via the KK scalars is given in eq.(14). 
In fact, as we will see below, the on-shell contribution of KK scalars is canceled out upon 
integration over mass, and the heaviest mode of the KK graviton, whose mass is aMf, gives 
the dominant contribution. In the next subsection, to grasp the details of these problems, 
we will discuss the narrow-width approximation for the two-body scattering process via the 
KK scalars. 



2 The leading terms in the two methods correspond the result assuming yfs and Y(m) in the denominator 
in eq.(9) to be zero. 
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B. Narrow width approximation 



To discuss whether the two features of the cross section are physical or unphysical, let 
us next see whether the narrow width approximation is satisfied in the virtual KK scalar 
exchange process. The narrow width approximation eq.(2) is expected to be satisfied for 
cross sections of production processes of decaying particles, in which a particle X is in 
intermediate state, if (i) X can be on-shell in intermediate state, and (ii) the decay width 
Tx of the particle is small enough compared to its mass mx (Tx/mx < 1). For example, 
a cross section of the muon production and its decay process can be approximated by a 
product of the real muon production cross section and its branching ratio. 

In case of the two-body scattering process in the ADD model, KK gravitons satisfy these 
two conditions: (i) KK scalars can be on-shell for any value of y/s > 1/R, and (ii) the decay 
width of KK scalars is small enough (T(m)/m ~ m 2 / ' M 2 <C 1). Therefore, the narrow width 
approximation should be valid for the two-body scattering process via KK scalars 3 . 

In the toy model, the inclusive cross section of KK scalars production is given by 

*(XX -> *) = S^^T • (M) 

If 5 < 6, the cross section <Jr(xX ~^ x'x') °f two-body scattering process in eq.(13) is much 
smaller than the cross section cr(xx ~^ 4>) m eq.(14) , because the ratio of the two cross 
sections is extremely smaller than one: 

^oc^M „ V (,- 2) ( g\ ^ <<c x {5 6) (15) 

<?(xx^(t>) \Mf) V h 

or 

<?r(xx X'x') < o{xX 0) x Br((j) ->• X 'x') , (16) 

where the branching ratio Br((f) — > x'x') = 1/2- Even though the two-body scattering pro- 
cess includes the real KK scalar production process, the cross section of two-body scattering 
is much smaller than that of the real KK scalar production process, and the narrow width 
approximation is not valid. 



C. Over counting problem 

In the previous subsection, we saw that the narrow width approximation is not satisfied 
for the virtual KK graviton exchanges. The reason why the narrow width approximation fails 



3 Note that in case of the SM, we can not divide cross sections of two-body scattering process into the two 
parts: a real particle production from two bodys and its decay. The production cross sections are zero 
at almost all the values of \fs, because the phase space of a particle production from two bodys in the 
center of mass frame is just a point. On the other hand, in case of the ADD model, the phase space 
of one KK graviton production from two SM particles is also a point, but the inclusive production cross 
section is non-zero at any value of ^fs > 0. From the higher dimensional point of view, the phase space of 
the higher dimensional graviton production from two SM particles is not a point. Lack of the momentum 
conservation law in extra dimensions makes the volume of phase space finite. 
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is because of cancellation of the on-shell contribution from KK gravitons in the intermediate 
state. The integrand 



p{m) — — - (17) 

s — m 2 + imT{m) 

of the integration over mass in eq.(10) has a sharp peak at m = y/s, and the value of this 
function is switch from the plus peak to the minus peak at m = ^/s. Therefore, the on-shell 
contribution from the peak at m = y/s is canceled out upon integration over mass, and we 
get 



r aM f i 

D(^fs) ~ / dm pirn) 

Jo -m 



Ml (aM f ) s - 2 
~ ~M 2 f +s 5-2 

ocp^aM,)-^. (18) 



The cross section of the two-body scattering process is then 

1 



vr(xx ->■ x'x') oc 



p(m = aMf) 



(19) 



This result implies that the heaviest mode of the KK graviton, whose mass is aMf, gives the 
dominant contribution to the two-body scattering, no matter whatever value y/s(> 1/R) 
may have. Thus the narrow width approximation is not valid, and the cross section depends 
strongly on the cutoff parameter a. 

We can regard this problem as an over counting problem in the following way. The cross 
section of the virtual KK graviton exchanges o"r is proportional to the integration 



raMf raMf 

ay x / dm 1 dm 2 p{m 1 )p(m 2 )Mr{i r ni)M\>(m2) , (20) 
Jo Jo 



where the A4r(m) is an amplitude of the exchange process of the virtual KK graviton with 
mass m. Since the integration over mass corresponds to the phase space integration in the 
extra dimensions, the double integration in eq.(20) includes a double counting of the phase 
space in the extra dimensions. If there were no double counting (or no interference terms 
between KK gravitons), the problem would not appear in the virtual KK graviton exchange 
process. In fact, such double counting of the phase space never appears in any process of 
the SM because of the conservation law of the 4-momentum. 



D. Case of the process with more than two final states 

In the previous subsections, we discussed only the two-body scattering processes, but in 
other process of the virtual KK graviton exchanges, for example 

PP — >■ jet + G 

I ► 11 
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we can see the same problem. In case that the number of final states is three, it can be 
shown that a fake enhancement of the on-shell contribution occurs under the integration 
over mass, and the cross section becomes unphysically huge compared to the cross section 
of that of the real KK graviton production process, for example pp — > jet + missing. 

The cross section a-p of the virtual KK graviton exchange processes with the three final 
states, like pp — > (jet + G) — > jet + 11, is expressed as 

or = ^2 °"r(ni,rf 2 ) 

\ni\, l«2|< aMfR 
aMf paMf 

dmi dm 2 p(mi)p(m 2 ) fr( m i, m 2) • (21) 
o Jo 

In eq.(21), cr r (m 1 ,m 2 ) stands for the value of the three-dimensional phase space integral 
of square of the absolute value of the amplitude of the process. On the other hand, the 
cross section a rca i of the real KK graviton production processes which are included in such 
a virtual KK graviton exchange process, like pp — > jet + missing, is expressed as 

Orcal = ^2 °rcal(n) 
|n|< ^/sR 

/I 



/ dm p(m) (7 rea i(m) , (22) 
Jo 



where cr TCSL i(m) stands for the production cross section of the one KK graviton with mass m. 
We can separate o"r into the two parts 

a r = a™ 1 *™ 2 + < 1=ma , (23) 
where a™ 1 ^" 12 and <7™ 1=m2 are given as follows: 

paMf <>mi 

(Tr 1 ^ 2 = / dmi dm 2 p(m 1 )p(m 2 ) ar(m 1 ,m 2 ) , (24) 
Jo Jo 



mi=ni2 



aMf raMf 



dm 1 dm 2 p(mi)p(m 2 ) o- r (mi, m 2 )5(|rTi| - \n 2 \) 
o Jo 

raM f ^ 

= / dm p 2 (m) x — a r (m,m) . (25) 

Jo R 

In eq.(23), a™ 1 ^™ 2 represents the contribution from the interference terms between KK 
gravitons whose mass are different and a™ 1-1112 is composed of the two contributions: one 
from the real KK gravitations propagation and from the interference terms between the KK 
gravitons whose mass are the same. The <7™ 1=m2 gives dominant contribution for the dp. 
Changing the integration variable m to the absolute value \n\ of the KK index, a™ 1=m2 and 
<7 rea i are expressed as 

Oreal = / d \n\ p(\ti\) (7 rea i(m) (26) 

Jo 

(x r mi=m2 = / d\n\ p 2 (\n\) <j r (m,m) , (27) 
Jo 
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where 

p(\n\) = S s m^R 5 - 1 (28) 

is the multiplicity of the KK gravitons with mass m = \n\ /R, and the integrand in eq.(27) 
is proportional to the factor p 2 (|n|), because all the KK gravitons with the same mass \n\ 
equally contribute, 

Furthermore, <7™ 1_m2 is decomposed as the two contributions, one from the KK gravi- 
ton propagations (the diagonal part) and one from the interference terms between the KK 
gravitons whose mass are the same (the off-diagonal part): 

(T m 1 =m 2 = ^diag + ^off-diag ^ ^ 

where ap ag and (7p ff ~ dias , the contributions from the KK gravitons propagations and from 
the interference terms, are given by 



Jo 



off— diag 



^ ias = *r(n-i,n 2 ) S** 

\ni\, |n* 2 |< aMfR 
aMf 

dm p(m)<Tr(m, m) , (30) 

o 

/ dm (p 2 (m) — p(m)) a r (m,m) . (31) 
Jo 

We can regard a r (m,m) as the production cross section of one KK graviton with mass m 
because 

f ^rcai(m) x \Br(KK decay) + O (^)l (if m < JS) 
a r (m,m) = < 1 , N v /J (32) 

\ ^eal(m) X O (^) (if m > y/8) , 

where Br (KK decay) is a branching ratio of the decay channel of the KK gravitons which 
is included in the full process. The first equation in eq.(32) is exactly the expression of 
the narrow width approximation for the one KK graviton exchange process. Substituting 
eq.(32) into eq.(30), we get 

<7r iag ~ f^dm p(m)o- rcal (m) x Br(KK decay) . (33) 
Jo 

If this were the whole contribution, then the narrow width approximation would be satisfied. 
However, it can be shown that o"r is dominated by the contribution from the interference 
terms: 



off— diag 



rVsR 

/ d \n\ {p\\n\) - p{\n\)) a rcal (m) x £?r(KK decay) , (34) 
Jo 

and we get the ratio of the cross section of <7r to cr rea i 

p(\n\ = y/sR) 

Mp~^ r s-i 




s , (35) 
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where p(\n\ = y/sR) is the number of the KK gravitons with mass m = y/s. 

Thus we find that the narrow width approximation is broken. This is because the inter- 
ferences between the KK gravitons whose mass are same are mistaken for the propagations 
of the real KK gravitons, and the cross section of the virtual KK graviton exchange o"r get 
to be huge compared to the KK graviton production cross section <7 rea i- 

As compared with the case of the two-body scattering, there is a difference in the rep- 
resentation of the over counting problem. In case the virtual KK graviton exchanges with 
the three final states, the over counting appears not only in the virtual KK gravitons but 
also in the contribution from the on-shell KK gravitons production, although in case of the 
two-body scattering, it appears in the most heaviest KK gravitons production and on-shell 
contribution of the KK gravitons is canceled out. This is because, in the case with the 
three final states, the pole of the propagators of the KK gravitons are taken care of with the 
three-dimensional phase space integral (not the mass integration). In the case with more 
than three final state, first we can take care of the on-shell pole of the KK gravitons with 
the three-dimensional phase space integral, and calculate the on-shell contribution and the 
off-shell contribution of the KK gravitons correctly. Therefore, the on-shell contribution of 
the KK gravitons are not canceled, and the over counting also appears in the contribution 
from the on-shell KK graviton productions. 

In case that the number of final states is more than three, we find a similar fake enhance- 
ment of the on-shell contribution and the cross section again becomes unphysically huge 
compared to the cross section of that of the real KK graviton production process. 

IV. SUMMARY AND CONCLUSION 

In this paper, we have pointed out that the the cross sections of the virtual KK graviton 
exchanges in the ADD model have pathological behaviors. We have shown that the narrow 
width approximation is not valid for the cross section of the two-body scattering process via 
the KK gravitons. The cross section of the two-body scattering process get to be unphysically 
small compared to that of the real KK graviton production process which is included in such 
a process, and strongly depends on the cutoff parameter a. 

The cause of this problem lies in the over counting of the phase space in the extra 
dimensions due to the violation of the momentum conservation in the extra dimensions. If 
there were no double counting, the problem would not appear in the virtual KK graviton 
exchange process. 

To search for the ADD model (or the large extra dimensions) with collider experiments, 
we need more care in evaluation of the virtual KK graviton exchange process. 
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